DEGENERATE CONIC DECOMPOSITION

MArcO CECCHETTI*

Definition 1. We define a line as the set of points (x, y) in R? that satisfies the equation
ax+by+c=0 where at least one between a and b is not zero.

Definition 2. We define a conic as the set of points (z, y) in R? that satisfies the equation
ax?+bry+cy’+dx+ey+ f=0 where at least one between a, b and c is not zero.

Definition 3. Given a conic C we define the symmetric matriz related to C' as
a b/2 dJ2
Me=| b/2 ¢ ¢/2
d/2 e/2 f

Set P=(x,y,1) the conic equation can be written as PTMc P =0.

Definition 4. We say that a conic C' is a degenerate conic when can be decomposed as the
union of two lines.

Given a degenerate conic C' let be r; and ry the pair of lines that C' is made of. Let be 7
defined by the equation a1z + b1y + ¢1 =0 and 75 defined by the equation asx + bay + co =0. We
can define the matrix

ai aiaz aibs aico
L= bl ( as b2 C2 ): b1a2 b1b2 b102
c1 ciaz ciba cieo

Remark 1. Every non-null row of L still defines the line 73; every non-null column of L still
defines the line rq.

Definition 5. Given a square matrizx M we call S(M)= (M + M7T)/2 and A(M)= (M — MT)/2
the symmetric and antisymmetric parts of M.

Lemma 1. Given a square matriz M we have M =S(M) + A(M).

The symmetric matrix M¢ related to a degenerate conic C' is the symmetric part of L:

1 2a1a2 aiba +bias aica+cias
Mec= S(L) = 5 a1bs + bias 2b1bo bica + c1bo
aicz+ciaz bica+c1ba 2cic2

When 7 and rg are the same line we have az = A a1, ba = A by, ca = A ¢q for some A £ 0. So the

symmetric matrix Mo becomes:

a% a1b1 aicy

A a1b1 b% b1c1

aicy bier i

Remark 2. When C is a double line any non-null row and any non-null column of M¢ defines
the line r{ =rs.

Definition 6. Given a square matriz A with order n we define A; ; as the square matriz with
order n — 1 obtained by deleting the i-th row and the j-th column of A.

Definition 7. Given a square matrizx A we define the adjoint of A as the matriz D = adj(A)
such that d; ;= (—1)"TIdet(4; ;).
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When C is degenerate the adjoint of M¢ is

— (b1c2 — Clb2)2 ((1162 — 61(12) (b162 — Clbg) — (a1b2 — blag)(blcg — Clbg)
adj(Mc) =] (aica— c1a2) (bica — c1b2) — (a1ca — cra2)? (a1ba — brag) (a1ce — c1as)
- (ale - blaQ)(blcz - 01b2) (albz - blaZ) ((1162 - 61(12) - (ale - b1(12)2

Proposition 1. If C is a degenerate conic then C is made up by two different lines r1, ro iff
rank(M¢c)=2; C is a double line iff rank(M¢c)=1.

Proof. When rank(M¢) < 2 then adj(M¢) is the null matrix, so we have

ayca —craz =0,
albg — b1a2 =0

Since we suppose that r; and ro are really two lines we can think that at least one between a;
and by is not zero, so let be a; £ 0. In the same way we can suppose that as or by is not zero.
If as#+ 0 we can divide ajca — c1a2 =0 and a1bs — bjaa =0 by a1 as and we get:
a_c bh_b

ai B a’ a1 az
From this follows that r; and ro are the same line.
In case az =0 and by # 0 we have a1be — bjaz =0 = a1b2 =0 but this is impossible because we
have supposed that a; and by are not zero.
Now let be r; and ry the same line so we can suppose that exists A% 0 such that

agz)\al,bgz)\bl,@:)\cl.

By substituting these values for ag, ba, c2 in the above expression for adj(M¢) we can see imme-
diately that we get the null matrix.

To end the demonstration is needed only to prove that when r; and re are the same line then
rank(M¢) > 0. This follows immediately looking at the diagonal elements in the expression for
Mg, they are: A a2, A b3, X\ ¢ as one between a; and b; is not zero the rank of the matrix is not
zero too.

O

Proposition 2. If C is a degenerate conic made up by two lines r1, ro, with r1 # 1o then
adj(M¢) is the matriz related to a degenerate conic too and exactly to a double line. When
r1=rq, i.e. C is a double line, we have that adj(M¢) is the null matrix.

Proof. The last assertion follows from the previous proposition.
1 1

Now set « =—=(bica — c1b2), B = %(G&CQ —c1a2), Y= E(albg —bias) we have:

V2
—a? af —ay o}

adj(Mc)=2| af -p* py |=S[| -8 |(—a B8 7)
—ay By -7 g

Clearly, ax — fy+v=0 and —axz+ By —v=0 define the same line.

Corollary 1. If C is a degenerate conic then rank(adj(M¢)) =rank(M¢) — 1.

Lemma 2. Given a vector v € R3, there is a linear application A: R3> — R3? such that
A(u)=v x u Yu e R3.

Remark 3. If v=(z,y, 2) the matrix related to the linear application A is the following:

0 z -y
Mpa=| -2z 0 =z
y —z 0



Note that this is an antisymmetric matrix. We call M4 the cross product matrix related to the
vector v and we denote it by CP(v).

Proposition 3. Let be C a degenerate conic made up by two lines ri, ro, with r1 # ra, let be p
the vector (a, — 3,7) where a=bica — c1ba, f=aica — c1a2, 7= a1bs — bias. Then the cross pro-
duct matrixz related to the vector p is, up to a multiplicative factor, the antisymmetric part of
L= (a1, b1,c1)T (as, b, ca). Moreover we can recover o, 3, v from adj(Mc¢).

Proof. The first statement is trivial:

I — LT 1 0 a1b2 — blag ai1Co — C1a9 1 0 Y ﬁ 1
A(L) = 25 —a1bs + bras 0 bico — c1bo 25 -7 0 « 25 Cp(p)
—a1c2+ cras —bico+ c1bo 0 -3 —a 0

Now, we start by noting that ry % ro implies rank(M¢) = 2, hence at least one between «, 3, v is
not zero, on the contrary D = adj(M¢) would be the null matrix. So without loss of genericity

we can suppose % 0. This means that set A\=/—d; 1 we have o=}, B:%, y=— d;‘s.
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Proposition 4. Let be Mc the symmetric matrixz related to a degenerate conic C' made up by
two lines r1, ro. We can recover the equation for r1 and ro from the matriz Mc.

Proof. First we prove the case r; = 79, i.e. C is a double line. Since rank(M¢c) = 1 there is a
non-null element of M, say m; ; for some pair of indices (¢, j). By remark 2 we can recover the
equation of the line by choosing as coefficients the elements of the i-th row of Mg or the ele-
ments of the j-th column of M¢.

Now we prove the case r1 # 2. If L= (ay, b1, c1)? (az, be, c2) we have Mo = S(L) and we can
recover the antisymmetric part A(L) from M by the previous proposition. So from Mo we can
recover L =S(L) + A(L). Found a non-null element [, ; of L, by remark 1 we have that the j-th
column provides the equation of the line 1 and the i-th row provides the equation of the line .
The existence of a non-null element of L is assured because of supposing 1 and 72 two actual
lines.
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